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Abstract. We present a method of solving functional equations of the type

F(z) = F(y) = (x — y)[brf(az + fry) + - - - + b f(anx + Bny)],

where f,F' : P — P are unknown functions acting on an integral domain P and
parameteres by, ...,bn;Q1,...,Qn;B1,-.., 0, € P are given. We prove that under
some assumptions on the parameters involved, all solutions of such kind of equa-
tions are polynomials. We use this method to solve some concrete equations of this
type. For example the equation

S(F(@) = Pl = (o - ) [ o) +37 (Z52 ) (2) )| )

for f,F : R — R is solved without any regularity assumptions. It is worth noting
that (1) stems from a well known quadrature rule used in numerical analysis.
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1. Introduction

We deal with functional equations of some specific form. In the monograph
of T. Riedel and P. Sahoo [8] the following equation stemming from Simpson
quadrature rule

Pl - Flo) = (= a) [ 5100+ 27 (52) + 5100

is considered. We present a general solution of the generalized version of this
equation i.e.

F(z) = F(y) = (x —y)bif(az + Bry) + - + baf(anz + Bay)].

In the last section we enumerate particular cases of this equation in order
to show the usefulness of the obtained results.



We obtain it using the method based on the use of the lemma established
by M. Sablik (|9, Lemma 2.3|) and improved by I. Pawlikowska (cf. [7]). We
show at the end of the paper that our method is applicable also for some
other functional equations.

In this paper by a polynomial function of order n we mean any solution of
the functional equation A} f(z) = 0, where A7 stands for the (n + 1)-th
iterate of the difference operator A, f(x) = f(x + h) — f(x). Observe that
a continuous polynomial function of order n is a polynomial of degree at
most n (see [5, Theorem 4, p. 398], or [6, Theorem 15.9.4, p. 452]).

Let us now quote Sablik’s result. First we need some notations. Let
G, H be Abelian groups and SA°(G, H) := H, SAY(G, H) := Hom(G, H)
(i.e. the group of all homomorphisms from G into H), and for i € N, i > 2,
let SAY(G, H) be the group of all i—additive and symmetric mappings from
G’ into H. Furthermore, let & := {(a, ) € Hom(G,G)? : a(G) C B(G)}.
Finally, for z € G let 2 = (z,...,2),1 € N.

H—/
Lemma 1 Fiz N € NU{0} and let Iy, ..., Iy be finite subsets of &. Suppose
that H is uniquely divisible by N! and let the functions p; : G — SAY(G, H)
and Vi (o5 : G — SA(G, H) ((a,p) € I, , 1 =0,...,N) satisfy

@)+ Y @) =Y Y i (o) + 80 W) @

=0 (a,B)€l;

for every x,y € G. Then ¢y is a polynomial function of order at most k—1,

where
N N
k= Z card(U Is).
i=0 s=i

In the original Sablik’s result the order of ¢y was not greater than k,
while I. Pawlikowska noticed that it can be lowered by 1.

In our considerations we use Lemma 1 only for G = H = Rand N = 1 and
we consider only homomorphisms of the form x — ax, a € R. Consequently,
let

P ={(a,8) eR*:a=00r 0}
(the case a(R) ¢ [(R) may occur only if @ # 0, = 0), in this setting
Lemma 1 can be rephrased in the form

Lemma 2 Let Iy, I, be finite subsets of &?. Let the functions ¢;,\; ap) :
R—R (o, ) € I;, i = 0,1) satisfy

P1(@)y + eo(x) = Y Vo (az+ By) + y[ > ey +6y)| (3)

(a,8)€lo (v,0)eh



for any x,y € R. Then @1 is a polynomial function of order at most equal to
card(lp U I;) + cardl; — 1.

2. Preliminaries

Lemma 3 Let P be an integral domain with unit element 1 uniquely divisible
by 2 such that n1 # 0 for alln € N and let the functions f, F' : P — P satisfy
the equation

F(z) — F(y) = (z —y)[bi flawz + Bry) + - + bpf(omz + Buy)]  (4)

forall z,y € P and some by, ..., by, a1,...,ap,051,...,0, € P. Further, let f
be a function of the form

f(z) = ar(z) + ap—1(z) + - - + ay(z) + ap, = € P, (5)

where a;,i € {1,...,k} stands for a monomial function of orderi and ag € P
15 some constant.

Then each function a;,i € {1,...,k} also satisfies (4) with some function

F;.
Proof. We may assume F'(0) = 0, so substituting y = 0 in (4) we obtain
F(z) = z[by f(wz) + - + by f(anz)], =€ P.
Using this formula in (4) we get

z[byf(anz) + -+ + b f(anz)] — ylbi f(ary) + - + bu fany)] = ©
6
(x —y)[biflonx + Biy) + - - + b f(anx + Bry)], =,y € P.

It is easy to see that if f, g are solutions to this equation, then also f + ¢
satisfies this equation. Moreover, if f satisfies (6) and o € P is given, then
also af is a solution. Now substitute ax, ay in place of x and y, We obtain
(after cancelling @ on both sides) that

x[blf(alax> +oee bnf(anax)] - y[blf(alay) +oee bnf(anay)] =

(SE - y)[blf(alax + ﬁlay) +ee bnf(anax + ﬁnay)L T,y € P7

which means that the function z — f(az) also satisfies our equation (if f

does).



Now consider f of the form (5), then g; given by
gi(x) = 2" f(z) = f(22) = (2" = 2" Dap_1(2) + (2° — 2" ?)ap ()

+oo 4 (2 = Dag, z€P.
satisfies (6). Thus we may now put go(7) := 2871g;(2) — g1(22), x € P. The
function g, is clearly of the form

g2(2) = A7 ap_o(z) + -+ Alag, ©* €P

for some numbers A?,i = 0, ..., k—2. Repeating this procedure finitely many
times, we obtain that

gr—1(x) = A]f_lal(x) + Alg_lao, xr €P

satisfies the equation (6). However since every constant is a solution of this
equation, a; has to satisfy it. But

gr—2(x) = A’;’Qag(:lr) + A’f’Qal(x) + AIS’QCLO, x € P.

The functions gj_» and z +— A¥2a;(x) + A§2ay, satisfy (6), thus also a; is
a solution of (6). In the same way one can show that every a;,i =1,2,...,k
satisfy the equation (6), and consequently, also the equation (4) (with F(x) =
zbia;(onx) + - - - + bpai(a,w)]).

Lemma 4 Let P be an integral domain with unit element 1 such that 14+ 1 #
0 and 1+1+1 # 0, let A3 : P3 — P be a symmetric and 3—additive function.
Further, let a3 : P — P be the diagonalization of As satisfying (4) for all
x,y € P and some by,...,b,, a1,...,Qn, B1,...,0, € P such that for all
1=1,...,n and x,y,z € P we have

A3(Oéil', Y, Z) = O[iA3(J], Y, Z)

and
A3<ﬁix> Y, Z) = ﬁiA?)(x? Y, Z)'
If&,m,v,0 € P are defined as follows
Ei=biay B2+ + b, 52,
n = bla/%ﬁl + -+ bnaiﬂm (7>
yi=biad + -+ by,
0 =13+ 4 By,

then the following assertions hold true:
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(i) if v # 0, then az = 0;
(i) ¢of v =10 and € #n, then az = 0;

(iii) if v = 6 and & =n # 0, then asz(x) = ax® for somea € P and allx € P
and if a # 0, then 6 = 3€.

(iv) ify=0#0 and £ =n =0, then ag = 0.

(v) if vy =6 =& =n =0, then ag may be any function of the assumed
form.

Conversely, in each of the above cases the function as with the function
F' given by the formula

F(x) = z[biaz(a1x) + - - - + bpag(onx)| + ¢, € P (8)
where ¢ € P is some constant, is a solution of (4).
Proof. Let us rewrite the equation (4) for f = a3

F(z)—F(y) = (z—y)[has(arz+ G1y) + ... +bpas(anz+ Bry)], z,y € P. (9)

Assuming without loss of generality F'(0) = 0, take here y = 0 and substitute
the obtained formula to (9)

z [bag(arx) + ... + bpag(anx) — bias(aqz + fry) — ... — bpag(anx + Bry)] =
y [brag(a1y) + ... + bpas(any) — biag(arx + Bry) — ... — bpas(anx + Bry)].

Using here the equality as(x) = As(x,x, z) after some calculations we get for
all v,y € P

3(bron B} + ... 4 bpanB2) (y — ) As(z,y,y) +
+3(0103 By + .. + b0l Ba) (y — x) As(, 2, y) =
= (0105 + ... + bna )ylas(y) — as(z)] +
+ (0B + o+ bufB) (@ — y)as(y)-

In view of the notations from (7) we have

3(y — 2)[§As(w,y,y) + nAs(z,z,y)] = [0z + (v — d)ylas(y) — yyas(x). (10)

Now substitute in (10) —y in place of y. Then
—3(x+y)[§As(x, y,y) —nAs(z, z,y)] = —[0x—(y—d)ylas(y) +yyas(x). (11)
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Adding the equations (10) and (11) we arrive at

3E[(y—2)—(z+y)]As(z, y, ) +3n[(y—z) +(x+y)|As(z, z,y) = 2y[y—dlas(y),

ie.
—3¢rAs(z, ¥, y) + 3nyAs(z, 2, y) = (v — d)yas(y), z,y € P.
Further, in (12) we put 2z in place of z. Thus

—128xA3(x,y, y) + 120y As (2, 2,y) = (v — O)yas(y), =,y € P.
Multiplying (12) by 4 we have
—128xA3(x,y, y) + 120y As (2, 2,y) = 4(y — 0)yas(y), @,y € P
After comparing equations (14) and (13) we observe that
(v = d)as(y) =0, y #0.

Clearly, this equation is also satified for y = 0.
Now if 7 # 6, then as(y) = 0 for all y € P and (i) is proved.
Assume now that v = §. Then equation (12) takes form

fa:Ag(yc,y,y) = 773JA3(9U,$:Z/), z,y € P.
Take here y =
(& —n)az(x) =0, z€ P, xz,y€ P.

Similarly as above, if £ # 7, then a3(z) =0, z € P and (ii) holds.

(12)

(15)

This means that we may assume that & = n. Let us now consider the

case £ =n = 0. Then we have by (10)
yraz(y) = yyas(x), z,y € P.
Taking here y = 2x we get

vas(z) =0, z € Pa#0.

If v # 0, then az(z) = 0 for € P and (iv) holds. If, on the other hand,

v =0, then

In this case the equation (10) reduces to a trivial one, so (v) holds.



This means that from this point we may assume that y =dand £ =n # 0

(as in (iii)). Using these facts in (15) we obtain

rAs(x,y,y) = yAs(x,z,y), x,y € P.

Taking here x 4 y in place of x we may write

([lﬁ' - y)A3($ay7y) - yA3($7$7y> = —I'(Ig(y) z,y S

Thus in view of (16) we obtain

an(y):yAi%('xayay)v fanGP-
Interchanging in this equation z with y we arrive at
yag(ﬂf) :l’Ag(l’,ZL‘,’y), $7y€P'

Now, multiply (17) by x, and (18) by 3 to get

:172a3(y) = xyAfﬂ(xvyvy): T,y € P

and
y3a3(‘r) = LL”IJ2A3(SL’,LL’,y), x,y € P.

On the other hand, multiply (16) by y and use (19)
ang(y) = y2A3($v Z, y)v

which multiplied by z gives us

x3a3(y) = I’yzAg(le',[L’,y), T,y S

Comparing this equation with (20) we obtain

$3a3(y) = y3a3($)7 T,y € P>

which after substituting y = 1 yields

as(r) = as(1)z®, = € P.

(16)

(17)

(18)

(19)

(20)

(21)

Now it is enough to show that if az(1) # 0, then 6 = 3£. To this end use

(21) in (17)
as(Nay® = yAs(z,y,y)
l.e.
Az(w,y,y) = a3(]|)$y27 T,y € P

7
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and by symmetry of As
As(w,2,y) = as()2"y, @,y € P, (23)
By (22) and (23) and using the equalities v = § and n = £ in (10) we get
for all z,y € P

3¢(y — x)as(1)(xy® + 2°y) = daz(N)[zy® — 2°y], =,y € P.

Thus 3¢ = 0, which proves (iii).
On the other hand, it is easy to show that all functions of the forms (i)-(v)
satisfy equation (10) (and (9) with F' given by (8)).

Lemma 5 Let P be an integral domain with a unit element 1 such that
1+ 1 +#0 and let Ay : P> — P be a symmetric and 2—additive function.
Further, let as : P — P be the diagonalization of Ay satisfying the equation
(4) for all z,y € P and some by, ... by, aq,...,qn, B1,..., 0, € P such that
foralli=1,...,n and x,y € P we have

Ag(im,y) = a;As(z,y)

and
As(Biz,y) = BiAz(,y).
If v,0,n € P are defined as follows

3= bia? o+ bua?,
N i=biofr + -+ bpayBn,

then the following assertions hold true:
(i) if v # 0, then ay = 0;

(i) of v = 8§ and v + 2n # 0, then ay(x) = ax? for some a € P and all
r € P;

(i) ify=6,7v+2n =0 and ay # 0, then v = =n = 0 and ay may be
any function.

Conwversely, in each of the above cases the function as with the function
F gwen by the formula

F(z) = z[biaz(anz) + - - - + bpas(anz) + ¢, x € P (25)

where ¢ € P is some constant, is a solution of (4).
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Proof. Similarly, as in the proof of Lemma 4 from (4) we obtain

z [braz(arx) + ... + bpas(anx) — biag(aqz + fry) — ... — bpas(anx + Bry)] =
y [bras(a1y) + ... + bpas(any) — bras(anx + Bry) — ... — bpas(anx + Bry)].

Thus using here the form of as; we get

—x [(blﬁf + ...+ bnﬁi)ag(y) + 2(bia1 By + ... + by Bn) As(z,y)] =
=y[(biad + ... + b0 — b1 B — ... — b BH)as(y) — (b + ... + bpa?)as(x) +
- 2<bla161 + ...+ bnanﬁn)AQ(xa y)]>

or, equivalently,
vlaz(x) = az(y)] — 0(x = yas(y) = 2n(x —y)As(2,y), =,y P (20)
Interchanging in this equation x with y we have
vrlaz(r) = ax(y)] — 0(z — yas(z) = 2n(z — y)As(z,y), =,y P (27)
Comparing the equations (27) and (26) we are able to write
(v = 0)(z — y)laz(z) — az(y)] = 0

for all z,y € P.
Now substitute y = 0, then since as(0) = 0

(v —d)az(x) =0, z #0,

which is clearly satisfied also for = = 0.
Now we consider two cases:

1°y#4§

In this case we obtain as(x) = 0 for every « € P, which proves (i).

22y =9
We have from (26)

Ylyaz(z) — was(y)] = 2n(xr — y)Ax(v,y), v,y € P. (28)

If we substitute here z + y and z — y in place of  and y, respectively, then
after some calculations we arrive at

ag(2)(2vy + 4ny) + aa(y)(2vy — dny) = dyzAs(, y),

9



thus
(v + 2n)yaz(z) + (v — 2n)yas(y) = 2yxAs(z,y), =,y € P. (29)

Now interchange = with y. We have
(v + 2n)zas(y) + (v — 2n)zaz(x) = 2yyAs(z,y), v,y P (30)

Multiplying (29) by y and (30) by x and comparing the obtained equations
we may write

(v + 2n)y as(z) + (v — 2n)y°as(y) = (v + 2n)z*ax(y) + (v — 2n)z2as(x),

which gives us

as(x)[y* (v + 2n) — 2*(v — 2n)] = az(y)[2*(v + 2n) — y*(y — 2n)], z,y € P.

Substituting in this equation y = 1 we have

as(z)[(y + 2n) — 2*(y — 2n)] = ax(N)[2*(y + 2n) — (y — 2n)], =€ P. (31)

Now we are going to show that if ay # 0, then v — 2n = 0. To this end
put in (28) y = 2x

v[2zas(x) — xas(2x)] = —2nzAs(x, 22),

i.e.
(v — 2n)ag(x) =0, 2 € P,x #0.

Consequently,
y—2n=0 (32)

and using this equality in (31) we obtain
(7 + 2n)as(x) = 2°(y + 2n)as(1), = € P, (33)
Consider the case v + 2n # 0, then
as(r) = ay(1)2?, z € P,

which proves (ii). On the other hand, if v+ 27 = 0, then together with (32)
we have 7 =1 = 0 and the equation (33) is trivial, which gives (iii).

To prove the converse assertion it is enough to use the obtained forms of
az and F' given by (8) and check that the equation (4) is satisfied.

10



Lemma 6 Let P be an integral domain and let ay : P — P be an addi-
tie function satisfying equation (4) for all z,y € P and some by,..., by,
Q1yevoyQpy B1, ..., B € P such that for allt=1,...,n and x € P we have

ar (o) = aaq(x)

and
a1(Biz) = Biai(x).
If v,0 € P are defined as follows

v i=biog + -+ bua,

5 = by + -+ bu, (34)
then the following assertions hold true:
(i) if v # 9, then a; = 0;
(ii) of vy =09 #0, then ay(z) = ax for some a € P and all z € P.
(iii) if v = =0, then a1 may be any function.
Conversely, in each of the above cases function a, with
F(z) = zlbiai (1) + - - - + byar(ox)] + ¢ (35)

where ¢ € P is some constant, is a solution of (4).

Proof. Similarly as in the proof of Lemma 4 and Lemma 5 from (4) we
obtain

z [bar(a1x) + ... + bpay (apx) — biag(aqz + Bry) — ... — bpay (e + Bry)] =
y [brai(cry) + ... + bpai(any) — biay(aqz + fry) — ... — bpar(ax + Goy)].

Thus using here additivity of a; and in view of the notations (34) we get
vyai(x) = a(y)[(y = 0)y + dz], z,y € P. (36)

If we substitute in (36) = + y in place of x, then after some calculations we
may write
yyai(x) = dxar(y), x,y € P. (37)

Comparing the obtained equation and the equation (36) we get
(v =9d)yai(y) =0, ye P.
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Now we consider two cases:
1°v#9

In this case we obtain a;(x) = 0 for every x € P, which gives (i).
2°y=9

We have from (37)

vyar () = yray(y), z,y € P.
Substituting in this equation y = 1 we obtain
vai(x) = va,()z, x € P.

If v # 0, then ay(z) = a;(1)x for x € P and (ii) holds. On the other hand,
if v =0, then 6 = 0 and our equation reduces to a trivial one.

Now, it is enough to show that all the functions of the forms (i)-(iii)
satisfy equation (4) with F' given by (35).

3. Results

Now we are in position to use the above lemmas to solve some equations.
We start with the main result of the paper.

Theorem 1 If the functions F, f : R — R satisfy the equation

SIF() — F(o)) = (- o) [ 1) +37 (52 ) w37 (250) 4 )

3
(38)
for all x,y € R, then there exist a,b,c,d,e € R, such that

f(z)=ar® + b2’ +cx+d, z€R

and
1 1 1
F(z) = ZMA + gbx?’ + Ech +dx+e, zekR
On the other hand, the functions f and F given by the above formulas

satisfy (38).
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Proof. Assume that F, f satisfy (38). Put x + y instead of y in this
equation. Then we get

8F(z +y) — 8F(z) = yf (z) + 3y (3“2*”) 43 f(3 +y)+yf(:v+y),

3
ie.
SF() +fl) =8P +) - 30f (Z52) <sur (257) < uste ),

Take in Lemma 2

w1 {(12). (11 )

Then f is a polynomial function of order at most 5. Thus
f(z) = ag+ ai(x) + az(x) + az(z) + as(x) + as(z), = € R,

where a; : R — R is a diagonalization of a symmetric i—additive function
A R" = R, ie. ai(z) = Ai(z,...,z), x € R. Moreover, from Lemma 3 we
——

know that every function a;, i € {1,...,5} satisfies (38).
Substitute 2 = 0 in (38). We obtain

8F(y) =y {f(O) +3f (%y) +3f () + f(y)] +8F(0), yeR,

which used in (38) gives for all z,y € R

y{f(0>+3f(%y)+3f(§)+f<y>] [f()+3f( )+3f( >+f(x)}=

—-o) s+ (T52) o (2 1)

or, equivalently,

y{f(0)+3f(2—y)+3f(g)—f()—3f($+2y)—3f(2x+y)}=
—o|so) 31 (5 ) 431 (5) - o (52) —ar (257Y)]

Substituting here 3x and 3y in place of z and y, respectively, we may write

YIF(0) — F(30) +3(2y) +3f(y) — 3f(x + 29) = 3fQa+y)] = (39)
— 2[f(0) — £(3y) + 3F(22) + 3F(x) — 3f(x + 29) — 3f (22 + )]

13



Further, take y = 2x in (39). Then

f(62)=3f(5x)+3f(4x) —2f(3x)+3f(2x) —3f(x)+ f(0) =0, = #0, (40)

which is also true for z = 0.
Since aj satisfies (38), then it also satisfies (40) and using 5—additivity
of a5 we get

(6°—3-5°+3-4°-2.3°+3-2° - 3)as(x) =0, =R,
i.e.
1080as(x) =0, x € R.

This means that a5(z) = 0 for z € R. Similarly, we show that as(z) = 0 for
all z € R. Indeed, equation (40) for a4 takes form

T2a4(z) =0, z€R.

Now by Lemmas 4, 5, 6 we obtain that

f(x) = az® +ba® +cx +d

for some a, b, c,d € R and all x € R. Moreover, by (39) we obtain the desired
formula for F. To finish the proof it sufficies to check that these function
satisfy our equation.

Remark 1 For the sake of simplicity we proved the above thereom for func-
tions acting on reals. However, it is easy to see that the same proof may be
applied for functions acting on an integral domain P, uniquely divisible by
5!'and such that nl # 0 for all n € N, where 1 is a unit element of P.

Let us point out that our method can be applied to solve some other
functional equations. We give an example (see [4]).

Theorem 2 The functions f, F': R — R satisfy

F(y) - F(z) = (y — ) Ff(x) N gf (g; +y)

G 5 +1f(y)], v,y € R (41)

6
if and only iof

f(z)=ar®+ bz’ +cx+d, ze€R
and

1 1 1
F(z) = Zam‘l + gbx3 + §cx2 +dr+e, z€eR,

where a,b,c,d,e € R are some numbers.
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Proof. Substitute y = y + x in (41), then we have

4l = Fo) = —F+ )ty |57 (54 D) + iG] sk

From Lemma 2 we know that f must be a polynomial function of order at
most 3. Using Lemmas 3, 4, 5 and 6 we obtain that f must be an ordinary
polynomial and putting in (41) x = 0 we obtain the desired form of F.

On the other hand, it is easy to show that f and F' of this form satisfy
(41).

Some geometric problems considered recently by C. Alsina, M. Sablik and
J. Sikorska in [2]| lead to the functional equation

1), {81 10),

2y) ~ 2F(0) = (s~ ) |1 (

solved also by B. Ebanks and M. Sablik (see [10]). Further, in [3] Sh. Haruki
considered the equation

@)= 1) = (o =) (20520

and on the other hand, J. Aczél in [1] solved the equation
f@) = fly) = (= y)g(z +y).

It is easy to observe that also all these equations may be solved with use of
our method.
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