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Abstract. The functional equations of the form

F (y)− F (x) = (y − x)
[
α0f(x) +

n∑
k=1

αkf
(
λkx+ (1− λk)y

)
+ αn+1f(y)

]
are considered. They are connected with quadrature rules of the approxi-
mate integration. We show that such equations characterize polynomials in
the class of continuous functions. It is also shown that if the number of com-
ponents is sufficiently small, then the continuity is forced by the equation
itself.
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1. Introduction

It is well–known that if I ⊂ R is an interval and the function f : I → R
is convex, then for all x, y ∈ I the following Hermite–Hadamard inequality is
satisfied:

(1) f
(x+ y

2

)
≤ 1

y − x

y∫
x

f(t)dt ≤ f(x) + f(y)

2
.

The interesting study of this inequality and lots of related inequalities was given
by Dragomir and Pearce [2]. Rewrite now the inequality (1) in the form

1

y − x

y∫
x

f(t)dt ∈
[
f
(x+ y

2

)
,
f(x) + f(y)

2

]
.

However, if we consider the function f(x) = x2, then we have much more
detailed information. Namely,

1

y − x

y∫
x

f(t)dt =
2

3
f
(x+ y

2

)
+

1

3

f(x) + f(y)

2
.

Therefore in the paper [4] the equation

(2) F (y)− F (x) = (y − x)

[
k

k + 1
f
(x+ y

2

)
+

1

k + 1

f(x) + f(y)

2

]
1
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was considered. It was proved (for functions acting on integral domains divisible
by 2) that if a pair F, f satisfies (2), then f must be a polynomial function of
order not greater than 3.

In this paper by a polynomial function of order n we understand any solution
of the functional equation ∆n+1

h f(x) = 0, where ∆n
h stands for the n–th iterate

of the difference operator ∆hf(x) = f(x+h)−f(x). Observe that a continuous
polynomial function of order n is a polynomial of degree at most n (see [6,
Theorem 4, p. 398]).

One should also mention that the equation (2) (with k = 1) was considered
in [1]. On the other hand, in the monograph [9], more general version of (2)
was treated for functions acting on R.

In this paper we would like to modify the equation (2) in order to characterize
polynomials of higher degree. To this end let us observe that one could look at
the right–hand side of (2) as the difference (y−x) multiplied by a convex com-
bination of the values f(x), f(y), f(x+y

2
). Therefore we suppose that F (y)−F (x)

y−x
is a combination of more than three points of the form f

(
λx + (1 − λ)y

)
and

we arrive at the functional equation of the form

(3) F (y)− F (x) = (y − x)
n∑
k=1

αkf
(
λkx+ (1− λk)y

)
,

where λ1, . . . , λn ∈ R (not necessarily in [0, 1]) and α1, . . . , αn are real numbers
summing up to 1. This equation is related to the approximate integration.
Namely, it is not difficult to observe that if f is a continuous solution of (3),
then F ′ = f , whence (3) can be expressed in the form

(4)
1

y − x

y∫
x

f(t)dt =
n∑
k=1

αkf
(
λkx+ (1− λk)y

)
.

The quadrature rules of an approximate integration can be obtained by the
appropriate specification of the coefficients of (4). For that reason, in the study
of the equation (3) we distinguish three cases. In the first one there are no
endpoints x, y on the right–hand side of (3) (cf. the equation (16); observe that
Gauss–Legendre quadrature formula contains only the interior nodes). In the
second case we suppose that the right–hand side of (3) contains one endpoint x,
which corresponds to the Radau quadrature (cf. the equation (19)). The third
case concerns the situation, when the right–hand side of (3) contains both x
and y, which is connected with the Lobatto quadrature (cf. the equation (20)).

Notice that the approach of numerical analysis is the following: assuming
that equations of the form (4) hold for polynomials of possibly maximal degree
(say N) determine the coefficients λk, αk (k = 1, . . . , n) (see e.g. [8, 11]). The
examples of polynomials of degree greater than N which do not fulfil such
equations are well–known.

Our approach differs from the one described above. Namely, we prove in
Theorems 1, 2 and 3, that if a continuous function f fulfils some equation of
the form (4) (or, more generally, (3)), then it must be a polynomial of degree



ON FUNCTIONAL EQUATIONS CONNECTED WITH QUADRATURE RULES 3

not greater than some positive integer. Thus we answer the converse question
to that of the numerical analysis.

2. Preliminaries

We obtain our results using the lemma established by M. Sablik [10, Lem-
ma 2.3] and improved by I. Pawlikowska [7]. To quote it we need some nota-
tions. Let G,H be the Abelian groups and SA0(G,H) := H, SA1(G,H) :=
Hom(G,H) (i.e. the group of all homomorphisms from G into H), and for i ∈ N,
i ≥ 2, let SAi(G,H) be the group of all i–additive and symmetric mappings
from Gi into H. Furthermore, let P :=

{
(α, β) ∈ Hom(G,G)2 : α(G) ⊂ β(G)

}
.

Finally, for x ∈ G, let xi = (x, . . . , x)︸ ︷︷ ︸
i

, i ∈ N.

Lemma 1. Fix N ∈ N∪ {0} and let I0, . . . , IN be finite subsets of P. Suppose
that H is uniquely divisible by N ! and let the functions ϕi : G → SAi(G,H)
and ψi,(α,β) : G→ SAi(G,H) ((α, β) ∈ Ii, i = 0, . . . , N) satisfy

ϕN(x)(yN) +
N−1∑
i=0

ϕi(x)(yi) =
N∑
i=0

∑
(α,β)∈Ii

ψi,(α,β)

(
α(x) + β(y)

)
(yi)

for every x, y ∈ G. Then ϕN is a polynomial function of order at most k − 1,
where

k =
N∑
i=0

card
( N⋃
s=i

Is

)
.

In the original Sablik’s result the order of ϕN was not greater than k, while
Pawlikowska noticed that it can be lowered by 1.

In our considerations we use Lemma 1 only for G = H = R, N = 1 and
we consider only homomorphisms of the form x 7→ αx, α ∈ R. In this setting
Lemma 1 can be rephrased in the form

Lemma 2. Let I0, I1 be finite subsets of P, where

P =
{

(α, β) ∈ R2 : α = 0 or β 6= 0
}
.

Let the functions ϕi, ψi,(α,β) : R→ R ((α, β) ∈ Ii, i = 0, 1) satisfy

(5) ϕ1(x)y + ϕ0(x) =
∑

(α,β)∈I0

ψ0,(α,β)(αx+ βy) + y
[ ∑

(α,β)∈I1

ψ1,(α,β)(αx+ βy)
]

for any x, y ∈ R. Then ϕ1 is a polynomial function of order at most k, where

k = card(I0 ∪ I1) + card I1 − 1.

In the Section 3.5 of the monograph [9] (Theorems 3.10 and 3.11) the general
solution of the functional equation

F (y)−G(x) = (y − x)
[
f(x) + g(sx+ ty) + h(y)

]
is given for functions mapping R into R. The lemma below generalizes “if” parts
of these results.
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Lemma 3. Let n ∈ N. Assume that
(i) s1, . . . , sn, t1, . . . , tn ∈ R \ {0},
(ii) sk + tk 6= 0, k = 1, . . . , n,

(iii)
∣∣ sk tk
sl tl

∣∣ 6= 0, k 6= l, k, l ∈ {1, . . . , n},
(iv) the functions F, f0, f1, . . . , fn, fn+1 : R → R fulfil for any x, y ∈ R the

functional equation

(6) F (y)− F (x) = (y − x)
[
f0(x) +

n∑
k=1

fk(skx+ tky) + fn+1(y)
]
.

Then
(a) If f0 = fn+1 ≡ 0, then f1, . . . , fn are the polynomial functions of order at

most 2n− 1.
(b) If f0 6≡ 0, fn+1 ≡ 0 or f0 ≡ 0, fn+1 6≡ 0, then f0, f1, . . . , fn, fn+1 are the

polynomial functions of order at most 2n.
(c) If f0 6≡ 0, fn+1 6≡ 0, then f0, f1, . . . , fn, fn+1 are the polynomial functions of

order at most 2n+ 1.

Proof. Let s0 = 1, t0 = 0; sn+1 = 0, tn+1 = 1. Fix m ∈ {0, . . . , n + 1} and
interchange x, y in (6) with x−tmy

sm+tm
, x+smy
sm+tm

, respectively. Performing elementary
computations we obtain

yfm(x) = F
(x+ smy

sm + tm

)
− F

(x− tmy
sm + tm

)
− y

n+1∑
k=0
k 6=m

fk

( sk + tk
sm + tm

x+
smtk − sktm
sm + tm

y
)
.

Denote

αk =
sk + tk
sm + tm

, βk =

∣∣ sm tm
sk tk

∣∣
sm + tm

, k = 0, . . . , n+ 1.

Then

(7) yfm(x) = F (αn+1x+ βn+1y)− F (α0x+ β0y)− y
n+1∑
k=0
k 6=m

fk(αkx+ βky).

We have

(8) αm = 1, βm = 0.

Observe that if k = 0, . . . , n+ 1, k 6= m, then by (iii) we have βk 6= 0, whence

(9) (αk, βk) ∈P, whenever k = 0, . . . , n+ 1, k 6= m,

where P is a set defined in Lemma 2. Observe also that

(10) (αk, βk) 6= (αl, βl), whenever k 6= l, k, l ∈ {0, . . . , n+ 1}.
Indeed, if k 6= m, then βk 6= 0 = βm by (iii) and (8). If (αk, βk) = (αl, βl) for
some k 6= l, k, l 6= m, then

sk + tk = sl + tl and
∣∣ sm tm
sk tk

∣∣ =
∣∣ sm tm
sl tl

∣∣,
whence (sk − sl)(sm + tm) = 0, which together with (ii) gives sk = sl, tk = tl.
This contradicts (iii).
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Now we will prove (a). Assume f0 = fn+1 ≡ 0. Let m ∈ {1, . . . , n}. By (7)

(11) yfm(x) = F (αn+1x+ βn+1y)− F (α0x+ β0y)− y
n∑
k=1
k 6=m

fk(αkx+ βky).

Let

I0 =
{

(α0, β0), (αn+1, βn+1)
}
, I1 =

{
(αk, βk) : k 6= m, k = 1, . . . , n

}
.

By (9), I0, I1 ⊂ P, and by (10), card I0 = 2, card I1 = n − 1, I0 ∩ I1 = ∅.
Denote

ϕ0 ≡ 0, ϕ1 = fm, ψ0,(α0,β0) = −F, ψ0,(αn+1,βn+1) = F

and ψ1,(αk,βk) = −fk for k 6= m, k = 1, . . . , n.

Thus (11) has the form (5). By Lemma 2 we infer that fm is a polynomial
function of order at most card(I0 ∪ I1) + card I1− 1 = 2n− 1 and (a) is proved.

To prove (b) assume f0 6≡ 0, fn+1 ≡ 0. Then for m ∈ {0, . . . , n}, (7) yields

(12) yfm(x) = F (αn+1x+ βn+1y)− F (α0x+ β0y)− y
n∑
k=0
k 6=m

fk(αkx+ βky).

Assume now that m ∈ {1, . . . , n} and let

I0 =
{

(α0, β0), (αn+1, βn+1)
}
,

I1 =
{

(αk, βk) : k 6= m, k = 1, . . . , n
}
∪
{

(α0, β0)
}
.

By (9), I0, I1 ⊂ P and by (10), card I0 = 2, card I1 = n, I0 ∩ I1 =
{

(α0, β0)
}
.

Denote

ϕ0 ≡ 0, ϕ1 = fm, ψ0,(α0,β0) = −F, ψ0,(αn+1,βn+1) = F

and ψ1,(αk,βk) = −fk for k 6= m, k = 0, . . . , n.

Thus (12) has the form (5). By Lemma 2 we infer that fm is a polynomial
function of order at most card(I0 ∪ I1) + card I1 − 1 = 2n.

Now let m = 0. Then rewrite (12) in the form

(13) yf0(x) + F (x) = F (αn+1x+ βn+1y)− y
n∑
k=1

fk(αkx+ βky)

(notice that by (8) for m = 0 we get α0 = 1, β0 = 0). Let

I0 =
{

(αn+1, βn+1)
}
, I1 =

{
(αk, βk) : k = 1, . . . , n

}
.

By (9), I0, I1 ⊂P and by (10), card I1 = n, I0 ∩ I1 = ∅. Denote

ϕ0 = F, ϕ1 = f0, ψ0,(αn+1,βn+1) = F

and ψ1,(αk,βk) = −fk for k = 1, . . . , n.

Thus (13) has the form (5). By Lemma 2 we infer that f0 is a polynomial
function of order at most card(I0 ∪ I1) + card I1 − 1 = 2n.

If f0 ≡ 0, fn+1 6≡ 0, we proceed similarly and (b) is proved.
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To show that (c) holds assume f0 6≡ 0, fn+1 6≡ 0. For m ∈ {1, . . . , n}
rewrite (7) as follows:

(14) yfm(x) = F (αn+1x+ βn+1y)− F (α0x+ β0y)

− y
[
f0(α0x+ β0y) +

n∑
k=1
k 6=m

fk(αkx+ βky) + fn+1(αn+1x+ βn+1y)
]
.

Let

I0 =
{

(α0, β0), (αn+1, βn+1)
}
, I1 =

{
(αk, βk) : k 6= m, k = 1, . . . , n

}
∪ I0.

By (9), I0, I1 ⊂P and by (10), card I0 = 2, card I1 = n+ 1. Denote

ϕ0 ≡ 0, ϕ1 = fm, ψ0,(α0,β0) = −F, ψ0,(αn+1,βn+1) = F

and ψ1,(αk,βk) = −fk for k 6= m, k = 0, . . . , n+ 1.

Thus (14) has the form (5). By Lemma 2 we infer that fm is a polynomial
function of order at most card(I0 ∪ I1) + card I1 − 1 = 2n+ 1.

Now let m = 0. Then rewriting (14) and using (8) we obtain

(15) yf0(x) + F (x) = F (αn+1x+ βn+1y)

− y
[ n∑
k=1

fk(αkx+ βky) + fn+1(αn+1x+ βn+1y)
]
.

Let
I0 =

{
(αn+1, βn+1)

}
, I1 =

{
(αk, βk) : k = 1, . . . , n

}
∪ I0.

Then by (9), I0, I1 ⊂P and by (10), card I1 = n+ 1. Denote

ϕ0 = F, ϕ1 = f0, ψ0,(αn+1,βn+1) = F

and ψ1,(αk,βk) = −fk for k = 1, . . . , n+ 1.

Thus (15) has the form (5). By Lemma 2 we infer that f0 is a polynomial
function of order at most card(I0 ∪ I1) + card I1 − 1 = 2n+ 1.

If m = n+ 1, then we proceed similarly and the proof of (c) is finished. �

3. Results for continuous functions

We start with the functional equation connected with Gauss quadratures.

Theorem 1. Let f : R → R be a continuous function, F : R → R and n ∈ N.
The following conditions are equivalent:
(i) There exist distinct real numbers λ1, . . . , λn 6∈ {0, 1} and α1, . . . , αn ∈ R

with α1 + · · ·+ αn = 1 such that F, f fulfil for any x, y ∈ R the functional
equation

(16) F (y)− F (x) = (y − x)
n∑
k=1

αkf
(
λkx+ (1− λk)y

)
.

(ii) The function f is a polynomial of degree at most 2n − 1 and F is the
primitive function for f .
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Proof. To prove (i)⇒(ii) observe that fk = αkf , sk = λk, tk = 1 − λk (k =
1, . . . , n) fulfil the assumptions of Lemma 3. Then by the assertion (a), f is
a polynomial function of order at most 2n−1 and by continuity f is a polynomial
of degree at most 2n − 1 (cf. Remark 1 at the end of this section). Dividing
both sides of (16) by y − x 6= 0 and tending with y to x we obtain F ′(x) =
(α1 + · · ·+ αn)f(x) = f(x).

To prove the converse implication consider Gauss–Legendre quadrature on
[−1, 1]. It is well–known from numerical analysis that there exist positive num-
bers α1, . . . , αn summing up to 1 and distinct t1, . . . , tn ∈ (−1, 1) such that the
equation

(17)
1

2

1∫
−1

g(t)dt =
n∑
k=1

αkg(tk)

holds for all polynomials of degree at most 2n − 1. For the exact values of
the nodes t1, . . . , tn and the weights α1, . . . , αn see e.g. [8, 12]. Now let f be
a polynomial of degree at most 2n − 1. Fix x, y ∈ R, x 6= y. Since F ′ = f , we
have

(18) F (y)− F (x) =

y∫
x

f(u)du.

For z ∈ [−1, 1] let u = 1−z
2
x+ 1+z

2
y. If g(z) = f(u), then g is also the polynomial

of degree at most 2n− 1. By (17), (18) and the above substitution

F (y)− F (x)

y − x
=

1

y − x

y∫
x

f(u)du =
1

2

1∫
−1

g(t)dt =
n∑
k=1

αkg(tk)

=
n∑
k=1

αkf
(1− tk

2
x+

1 + tk
2

y
)
.

Multiplying both sides of this equation by y − x we obtain (16) for λk = 1−tk
2

,
k = 1, . . . , n. �

Our next result concerns the functional equation connected with Radau quad-
ratures.

Theorem 2. Let f : R → R be a continuous function, F : R → R and n ∈ N.
The following conditions are equivalent:
(i) There exist distinct real numbers λ1, . . . , λn /∈ {0, 1} and α0, . . . , αn ∈ R

with
n∑
k=0

αk = 1 such that F, f fulfil for any x, y ∈ R the functional equation

(19) F (y)− F (x) = (y − x)
[
α0f(x) +

n∑
k=1

αkf
(
(1− λk)x+ λky

)]
.

(ii) The function f is a polynomial of degree at most 2n and F is the primitive
function for f .
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Proof. We proceed similarly as in the proof of Theorem 1. To prove (i)⇒(ii)
we use the assertion (b) of Lemma 3. For the proof of the converse implication
we consider Radau quadrature on [−1, 1]. It is well–known from numerical
analysis that there exist positive numbers α0, . . . , αn summing up to 1 and
distinct t1, . . . , tn ∈ (−1, 1) such that the equation

1

2

1∫
−1

g(t)dt = α0g(−1) +
n∑
k=1

αkg(tk)

holds for all polynomials of degree at most 2n. For the exact values of the nodes
t1, . . . , tn and the weights α0, . . . , αn see e.g. [8, 14]. �

Now we deal with the functional equation connected with Lobatto quadra-
tures.

Theorem 3. Let f : R → R be a continuous function, F : R → R and n ∈ N.
The following conditions are equivalent:
(i) There exist distinct real numbers λ1, . . . , λn /∈ {0, 1} and α0, . . . , αn+1 ∈ R

with
n∑
k=0

αk = 1 such that F, f fulfil for any x, y ∈ R the functional equation

(20) F (y)− F (x) = (y − x)
[
α0f(x) +

n∑
k=1

αkf
(
(1− λk)x+ λky

)
+ αn+1f(y)

]
.

(ii) The function f is a polynomial of degree at most 2n + 1 and F is the
primitive function for f .

Proof. We also proceed similarly as in the proof of Theorem 1. To prove (i)⇒(ii)
we use the assertion (c) of Lemma 3. To prove the converse implication we con-
sider Lobatto quadrature on [−1, 1]. It is well–known from numerical analysis
that there exist positive numbers α0, . . . , αn+1 summing up to 1 and distinct
t1, . . . , tn ∈ (−1, 1) such that the equation

1

2

1∫
−1

g(t)dt = α0g(−1) +
n∑
k=1

αkg(tk) + αn+1g(1)

holds for all polynomials of degree at most 2n + 1. For the exact values of the
nodes t1, . . . , tn and the weights α0, . . . , αn+1 see e.g. [8, 13]. �

Remark 1. Polynomial functions need not in general to be continuous. However,
slight regularity assumptions force continuity. Thus, following Kuczma’s book
[6, pp. 380–386], the continuity assumption in Theorems 1, 2 and 3 can be
replaced by one of listed below.
1. Boundedness on the set with nonempty interior.
2. Boundedness on the set of positive Lebesgue measure.
3. Boundedness on the second category set with the Baire property.
4. Local boundedness at one point.
5. Measurability.
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4. Results without continuity

For the equations of the form (16), (19), it turns out that if n is sufficiently
small, then continuity is forced by the equation itself. First we consider (19)
with n = 1.

Theorem 4. Let α ∈ R \ {0} and let λ 6∈ {0, 1} be a rational number. If
F, f : R→ R fulfil for any x, y ∈ R the functional equation

(21) F (y)− F (x) = (y − x)
[
αf(x) + (1− α)f

(
λx+ (1− λ)y

)]
,

then
f(x) = ax2 + bx+ c and F (x) = 1

3
ax3 + 1

2
bx2 + cx+ d

for some constants a, b, c, d ∈ R.
Conversely, the functions f, F given by the above formulae, satisfy (21) with

α = 1
4
and λ = 1

3
.

Proof. In Lemma 3 take n = 1. Observe that s1 = λ, t1 = 1 − λ, fulfil the
assumptions (i), (ii) and (iii). Let f1 = αf , f2 = (1 − α)f . The assertion (b)
implies that f is a polynomial function of order at most 2. It is well–known
(see e.g. [6, Theorem 2, p. 395]) that

f(x) = a2(x) + a1(x) + c,

where c ∈ R is some constant and ak is a diagonalization of some symmetric
k–additive function Ak : Rk → R (k = 1, 2). It is proved in [5, Lemma 3] that
a1, a2 fulfil (21) with appropriately choosen function F. Denote

η := (1− α)λ(1− λ),

γ := α + (1− α)λ2,

δ := (1− α)(1− λ)2.

It is proved in [5, Lemma 5] that if the condition η = γ = δ = 0 does not hold
(it is the case, since γ + 2ηδ = 1), then a2(x) = ax2 for some a ∈ R. Now let

γ := α + (1− α)λ, δ := (1− α)(1− λ).

It is proved in [5, Lemma 6] that if the condition γ = δ = 0 does not hold (it
is the case, since γ + δ = 1), then a1(x) = bx for some b ∈ R. We have proved
that f(x) = ax2 + bx+ c. Now from the equation (21) we obtain

F (y)− F (x)

y − x
= αf(x) + (1− α)f(λx+ (1− λ)y), x 6= y,

which, together with the form of f , means that

F (x) =
ax3

3
+
bx2

2
+ cx+ d

for some d ∈ R. �

Now we shall deal with the equation (16) with n = 2, α1 = α2 = 1
2
and

λ2 = 1 − λ1. Using the result of the recent paper [3], one can easily prove the
following
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Theorem 5. Let α 6= 0, λ 6∈ {0, 1}. If F, f : R→ R fulfil for any x, y ∈ R the
functional equation

(22) F (y)− F (x) = (y − x)
[
αf
(
λx+ (1− λ)y

)
+ (1− α)f

(
(1− λ)x+ λy

)]
,

then

f(x) = ax3 + bx2 + cx+ d,

F (x) = 1
4
ax4 + 1

3
bx3 + 1

2
cx2 + dx+ e

for some constants a, b, c, d, e ∈ R.
Conversely, functions f, F given by the above formulas satisfy (22) with α = 1

2

and λ = 3−
√

3
6

.

Proof. First we assume that α = 1
2
. Then we may use a result from [3, The-

orem 2, part (i)] and we obtain that if λ = 1
2
, then f(x) = ax + d for some

a, d ∈ R.
Now consider the case λ /∈

{
1
2
, 3−

√
3

6
, 3+

√
3

6

}
. Then

λ2 + (1− λ)2 6= 4λ(1− λ),

which, in view of [3, Theorem 2,part (v)], means that f(x) = ax + d for some
a, d ∈ R.

Finally we consider the case λ ∈
{

3−
√

3
6
, 3+

√
3

6

}
. Then

λ2 + (1− λ)2 = 4λ(1− λ),

i.e. again from [3, Theorem 2,part (vi)] we obtain that f(x) = cx3 +bx2 +ax+d
for some constants c, b, a, d ∈ R.

Now we will prove the assertion concerning the case α 6= 1
2
. To this end,

in (22) put 1
λ
x in place of x and 1

λ
y instead of y. Thus we have

F
(

1
λ
y
)
− F

(
1
λ
x
)

= 1
λ
(y − x)

[
αf
(
x+ 1−λ

λ
y
)

+ (1− α)f
(

1−λ
λ
x+ y

)]
.

Multiplying this equation by λ and taking G(x) := λF
(

1
λ
x
)
, γ := 1−λ

λ
we obtain

that f satisfies

(23) G(y)−G(x) = (y − x)[αf(x+ γy) + (1− α)f(γx+ y)].

Interchanging here x with y we arrive at

(24) G(y)−G(x) = (y − x)[αf(γx+ y) + (1− α)f(x+ γy)].

Comparing equations (23) and (24), we obtain

αf(x+ γy) + (1− α)f(γx+ y) = αf(γx+ y) + (1− α)f(x+ γy)

and after some simple computations we get

(2α− 1)f(x+ γy) = (2α− 1)f(γx+ y).

But since α 6= 1
2
, we have

f(x+ γy) = f(γx+ y).
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Using this equality, we may rewrite (23) in the form

G(y)−G(x) = (y − x)[f(x+ γy)].

Now, using [9, Theorem 2.5, p. 44]), we infer that f(x) = ax + d for some
constants a, d ∈ R.

By putting x = 0 in (22) we obtain the desired formula for F . Thus the proof
is finished. �
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