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Abstract. The functional equations of the form

Fy) - F(z) = (y = o) [aof(x +Zakf N + (1= M)y) + @1 £ ()

are considered. They are Connected Wlth quadrature rules of the approxi-
mate integration. We show that such equations characterize polynomials in
the class of continuous functions. It is also shown that if the number of com-
ponents is sufficiently small, then the continuity is forced by the equation
itself.
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1. INTRODUCTION

It is well-known that if / C R is an interval and the function f : I — R
is convex, then for all x,y € I the following Hermite-Hadamard inequality is
satisfied:

(1) f<ar—2%y —x/f par < L@+ f(y)‘

The interesting study of this inequality and lots of related inequalities was given
by Dragomir and Pearce [2]. Rewrite now the inequality (1) in the form

w—;y> f(:v)—;f(y)]_

y%x f(t)dt € [f(

T

However, if we consider the function f(z) = z?, then we have much more
detailed information. Namely,

/f 2 () | )2 )

y—x

Therefore in the paper [4] the equation

k z+y L f(x)+ f(y)
k+1f( 5 )+k+1 5
1

@ F@»—F@»—@—xﬂ
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was considered. It was proved (for functions acting on integral domains divisible
by 2) that if a pair F| f satisfies (2), then f must be a polynomial function of
order not greater than 3.

In this paper by a polynomial function of order n we understand any solution
of the functional equation A}*! f(z) = 0, where A} stands for the n—th iterate
of the difference operator Ay, f(x) = f(x+h)— f(z). Observe that a continuous
polynomial function of order n is a polynomial of degree at most n (see |6,
Theorem 4, p. 398|).

One should also mention that the equation (2) (with £ = 1) was considered
in [1]. On the other hand, in the monograph [9], more general version of (2)
was treated for functions acting on R.

In this paper we would like to modify the equation (2) in order to characterize
polynomials of higher degree. To this end let us observe that one could look at
the right—hand side of (2) as the difference (y — z) multiplied by a convex com-

bination of the values f(z), f(y), f(*3¥). Therefore we suppose that w

is a combination of more than three points of the form f()\x + (1 - )\)y) and
we arrive at the functional equation of the form

(3) Fy) = F(x) = (y— ) > onf (Msz + (1= \)y),
k=1
where Ay, ..., A, € R (not necessarily in [0, 1]) and vy, . .., a, are real numbers

summing up to 1. This equation is related to the approximate integration.
Namely, it is not difficult to observe that if f is a continuous solution of (3),
then F' = f, whence (3) can be expressed in the form

1
y—x

(4)

[ 0t =3 awf O + (1 20).

The quadrature rules of an approximate integration can be obtained by the
appropriate specification of the coefficients of (4). For that reason, in the study
of the equation (3) we distinguish three cases. In the first one there are no
endpoints z,y on the right-hand side of (3) (cf. the equation (16); observe that
Gauss—Legendre quadrature formula contains only the interior nodes). In the
second case we suppose that the right-hand side of (3) contains one endpoint z,
which corresponds to the Radau quadrature (cf. the equation (19)). The third
case concerns the situation, when the right-hand side of (3) contains both x
and y, which is connected with the Lobatto quadrature (cf. the equation (20)).

Notice that the approach of numerical analysis is the following: assuming
that equations of the form (4) hold for polynomials of possibly maximal degree
(say N) determine the coefficients A\, o (kK =1,...,n) (see e.g. [8, 11]). The
examples of polynomials of degree greater than N which do not fulfil such
equations are well-known.

Our approach differs from the one described above. Namely, we prove in
Theorems 1, 2 and 3, that if a continuous function f fulfils some equation of
the form (4) (or, more generally, (3)), then it must be a polynomial of degree



ON FUNCTIONAL EQUATIONS CONNECTED WITH QUADRATURE RULES 3

not greater than some positive integer. Thus we answer the converse question
to that of the numerical analysis.

2. PRELIMINARIES

We obtain our results using the lemma established by M. Sablik [10, Lem-
ma 2.3] and improved by I. Pawlikowska [7]. To quote it we need some nota-
tions. Let G, H be the Abelian groups and SA*(G,H) := H, SAY(G,H) :=
Hom(G, H) (i.e. the group of all homomorphisms from G into H), and for i € N,
i > 2, let SAYG, H) be the group of all i—additive and symmetric mappings
from G into H. Furthermore, let & := {(a, 8) € Hom(G,G)? : a(G) C B(G)}.
Finally, for € G, let 2* = (z,...,x),1 € N.

W
Lemma 1. Fiz N € NU{0} and let I, ..., Iy be finite subsets of &2. Suppose
that H is uniquely divisible by N! and let the functions p; : G — SA G, H)
and Vi (o9 : G — SA(G, H) ((a,) € I;, 1 = 0,...,N) satisfy

ox @)+ e @) =3 Y e (o) + ) )
i=0 i=0 (a,B)el;

for every x,y € G. Then ¢y is a polynomial function of order at most k — 1,

where
N N
k= Z card(U IS>.
0 s=1i

In the original Sablik’s result the order of ¢y was not greater than k, while
Pawlikowska noticed that it can be lowered by 1.

In our considerations we use Lemma 1 only for G = H = R, N = 1 and
we consider only homomorphisms of the form z — ax, o € R. In this setting
Lemma 1 can be rephrased in the form

Lemma 2. Let Iy, I; be finite subsets of &7, where
;@:{(a,ﬁ) eER*:a=0 07’67&0}.

Let the functions @i, Vs ap) : R = R (o, f) € I;, i = 0,1) satisfy

(5) @@y +eolx) = > doaslaz+Py) + y[ Y. Yraplar+ ﬂy)]
(e,B)€lo (Bl

for any x,y € R. Then @1 is a polynomial function of order at most k, where
k = card(lo U I;) + card I; — 1.

In the Section 3.5 of the monograph [9] (Theorems 3.10 and 3.11) the general

solution of the functional equation
F(y) — G(z) = (y — ) [f(2) + g(sz + ty) + h(y)]

is given for functions mapping R into R. The lemma below generalizes “if” parts
of these results.
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Lemma 3. Let n € N. Assume that
(l) 81,...,Sn,t1,...,tnGR\{O},
(11) Sk+tk7é0, k‘Zl,...,TL
(iil) |9 %] #0, k#1 kle{l,....n},
(iv) the functions F, fo, f1, - fa, for1 : R — R fulfil for any x,y € R the

functional equation

—

(6)  Fly) = F() = (y—2) [ fol@) + D filswz + ti) + fara(v)].

k=1
Then

(a) If fo = fox1 =0, then fi,..., fn are the polynomial functions of order at
most 2n — 1.

) If fo Z0, far1 =0 0r fo =0, fur1 Z0, then fo, f1,.. ., fu, fur1 are the
polynomial functions of order at most 2n.

(c) If fo Z0, for1 Z0, then fo, f1, ..., fa, fur1 are the polynomial functions of
order at most 2n + 1.

Proof. Let so = 1, to = 0; $p41 = 0, t,01 = 1. Fix m € {0,...,n + 1} and
interchange z,y in (6) with : i’?y, :+i*?y, respectively. Performing elementary
computations we obtain

T+ Sny — Sk—i-tk smtk — Sitm
wle) = F(C3) = F (i) v o A )
yfm(2) Sm +Tm sm—l—t ny Sm +tm Sm +tm 4

k;ﬁm
Denote _—
= —;m’“iii By, = —l;k+t’“tm, k=0,...n+1.
Then
n+t1
() yfm(@) = Flannz + Bury) — Flowz + Boy) —y Z frlarr + Bry).
k;ﬁm
We have
(8) a, =1, 3, =0.
Observe that if k =0,...,n+ 1, k # m, then by (iii) we have () # 0, whence
(9) (o, Br) € &, whenever k =0,....,n+ 1, k #m,
where & is a set defined in Lemma 2. Observe also that
(10) (o, Bk) # (o, ), whenever k # 1, k,1 € {0,...,n+1}.

Indeed, if k # m, then By # 0 = (3, by (iii) and (8). If (ag, k) = (e, ;) for
some k # [, k,l # m, then

t t
sctte=si+t and [ =,

whence (sx — 5;)(Sm + tn) = 0, which together with (ii) gives sx = s, tx = 1.
This contradicts (iii).
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Now we will prove (a). Assume fy = f,11 =0. Let m € {1,...,n}. By (7)

(1) yfu(@) = Flannz + Buiry) = Flaoz + Boy) =y Y filaws + Bry).

k=1
k#m

Let

Iy = {(040,50), (Oénﬂaﬂnﬂ)}, I = {(Oék,ﬂk) tk#Fm, k=1,... 771}-
By (9), In,I; C £, and by (10), card Iy = 2, card; = n—1, [N, = .
Denote

QOO = 07 @1 - f‘?.n7 wo,(aOHBO) = —}77 ¢07(an+1,,6n+1) = F
and Yy (a8 = —fr fork#m, k=1, n

Thus (11) has the form (5). By Lemma 2 we infer that f,, is a polynomial
function of order at most card(lyU I;) +card; —1 = 2n —1 and (a) is proved.
To prove (b) assume fy # 0, fri1 = 0. Then for m € {0,...,n}, (7) yields

(12)  yfu() = Flanz + Busry) — Flaoz + Boy) —y Y filawe + Bry).
k=0
k#m

Assume now that m € {1,...,n} and let

[0 = {(040,50), (OénJrla ﬁnJrl)}a
I, = {(ak,ﬁk) ck#m, k= 1,...,n} U {(ao,ﬁg)}.
By (9), Iy, I; C & and by (10), card [y = 2, card [y = n, [yN1; = {(ag,ﬁo)}.
Denote
o =0, ©1=fm, Yo(a0o) = —F Vo(anir s =F
and Y1 (aup) = —fu fork#m, k=0,...,n

Thus (12) has the form (5). By Lemma 2 we infer that f,, is a polynomial
function of order at most card(ly U ;) + card I} — 1 = 2n.
Now let m = 0. Then rewrite (12) in the form

(13) yfo(x) + F(z) = Flanmz + Bupry) —y > felawz + Biy)
k=1

(notice that by (8) for m =0 we get ap =1, fy = 0). Let
Iy = {(an+1,ﬁn+1)}, I = {(ak,ﬁk) k=1,... ,n}.
By (9), Ip,I; C & and by (10), card [; = n, Iy N [; = @. Denote
wo=F, 1= /o, Yo(ani1Bur) =F
and V1 a,8,) = —fr fork=1,...,n

Thus (13) has the form (5). By Lemma 2 we infer that fy is a polynomial
function of order at most card(ly U ;) 4+ card I} — 1 = 2n.
If fo=0, fur1 Z 0, we proceed similarly and (b) is proved.
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To show that (c) holds assume f; # 0, fos1 Z 0. For m € {1,...,n}
rewrite (7) as follows:

(14) yfm(x) = Flanmz + Botry) — Faor + Boy)

-y [fo(aol” +00y) + D frlawz + Bry) + fasr(annz + ﬁn+1y)} :

k=1
k#m

Let

[0 = {(a0750)7 (an-‘rlaﬁn-i-l)}a [1 = {(ak‘aﬁk) K 7£ m, k= 17' - 7”} UIO
By (9), Ip, I; C & and by (10), card [y = 2, card [; = n + 1. Denote

Yo = 07 Y1 = fma ¢0,(ao,ﬁo) = _F7 wO,(an+1,ﬁn+1) =F
and Yy (a,8,) = —fx fork#m, k=0,...,n+1
Thus (14) has the form (5). By Lemma 2 we infer that f,, is a polynomial

function of order at most card(ly U I;) +card[; — 1 = 2n + 1.
Now let m = 0. Then rewriting (14) and using (8) we obtain

(15) yfo(x) + F(x) = Flon1z + Briay)

-y [Z fr(arz + Bry) + fri1(appx + 6n+1y)i| .

k=1
Let
Iy ={(ons1,Bn1) ), L= {(ow,Br) :k=1,....n} U
Then by (9), ly,[; C & and by (10), card I; = n + 1. Denote

vo=F, ¢1=fo, wO,(anHﬂnﬂ) =F
and V1 (a,8,) = —fr fork=1,....,n+1
Thus (15) has the form (5). By Lemma 2 we infer that f, is a polynomial

function of order at most card(ly U I;) + card[; — 1 = 2n + 1.
If m =n+ 1, then we proceed similarly and the proof of (c) is finished. [

3. RESULTS FOR CONTINUOUS FUNCTIONS
We start with the functional equation connected with Gauss quadratures.
Theorem 1. Let f: R — R be a continuous function, F' : R — R and n € N.

The following conditions are equivalent:

(1) There exist distinct real numbers Ay, ..., A\, € {0,1} and ay,...,a, € R
with aq + -+ -+ + oy, = 1 such that F, f fulfil for any x,y € R the functional
equation

(16) Fy) = F(x) = (y— ) Y onf (M + (1= \)y).

k=1

(ii) The function f is a polynomial of degree at most 2n — 1 and F is the
primitive function for f.
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Proof. To prove (i)=-(ii) observe that fi, = arf, sk = M\, te = 1 — Xp (K =
1,...,n) fulfil the assumptions of Lemma 3. Then by the assertion (a), f is
a polynomial function of order at most 2n—1 and by continuity f is a polynomial
of degree at most 2n — 1 (cf. Remark 1 at the end of this section). Dividing
both sides of (16) by y — x # 0 and tending with y to x we obtain F’'(x) =
(0 + -+ ) f(2) = f(2).

To prove the converse implication consider Gauss—Legendre quadrature on
[—1,1]. Tt is well-known from numerical analysis that there exist positive num-
bers ay, . .., a, summing up to 1 and distinct ¢1,...,t, € (—1,1) such that the
equation

1

1 n
(17) 5 / g(t)dt = " ang(ty)

) k=1

holds for all polynomials of degree at most 2n — 1. For the exact values of
the nodes ti,...,t, and the weights ay,...,a, see e.g. [8, 12|. Now let f be
a polynomial of degree at most 2n — 1. Fix x,y € R, x # y. Since F' = f, we
have

(18) Fly) - F(z) = / £ (u)du

For z € [—1,1] let u = 52z + 12y, If g(2) = f(u), then g is also the polynomial

of degree at most 2n — 1. By (17), (18) and the above substitution

Fy)—Fx) 1 | B, &
y—a _y—x/f(u)du_§[g(t)dt_;o‘k9(tk)

o 1—tk 1+tk>
—;akf< 5 T + 5 Y):

Multiplying both sides of this equation by y — = we obtain (16) for A\, = 1‘;’“,

k=1,...,n. O

Our next result concerns the functional equation connected with Radau quad-
ratures.

Theorem 2. Let f : R — R be a continuous function, F: R — R and n € N.
The following conditions are equivalent:

(1) There exist distinct real numbers Ay, ..., A\, ¢ {0,1} and ag, ..., a, € R
with > ag = 1 such that F, f fulfil for any x,y € R the functional equation
k=0

(19)  Fly)— F(z) = (y — z) [aof(a:) 3 af (1= A + Aky)].

(ii) The function f is a polynomial of degree at most 2n and F' is the primitive
function for f.
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Proof. We proceed similarly as in the proof of Theorem 1. To prove (i)=-(ii)
we use the assertion (b) of Lemma 3. For the proof of the converse implication
we consider Radau quadrature on [—1,1]. It is well-known from numerical
analysis that there exist positive numbers «y,...,q, summing up to 1 and
distinet tq,...,t, € (—1,1) such that the equation

1

%/g(t)dt = Oéog(—l) + ;akg(tk)

-1

holds for all polynomials of degree at most 2n. For the exact values of the nodes
t1,...,t, and the weights ay, ..., a, see e.g. [8, 14]. O

Now we deal with the functional equation connected with Lobatto quadra-
tures.

Theorem 3. Let f : R — R be a continuous function, F' : R — R and n € N.
The following conditions are equivalent:

(1) There ezist distinct real numbers Ay, ..., A, ¢ {0,1} and ag, ..., an11 € R

with > ag = 1 such that F, f fulfil for any x,y € R the functional equation
k=0

(20) F(y) = F(z) = (y = 2) [aof (2) + 3 anf (1= M)z + Megy) + anin /(9)]

k=1

(ii) The function f is a polynomial of degree at most 2n + 1 and F is the
primitive function for f.

Proof. We also proceed similarly as in the proof of Theorem 1. To prove (i)=-(ii)
we use the assertion (c) of Lemma 3. To prove the converse implication we con-
sider Lobatto quadrature on [—1,1]. Tt is well-known from numerical analysis
that there exist positive numbers «y, ..., a,+1 summing up to 1 and distinct
t1,...,tn € (—1,1) such that the equation
1 n
1
3 /g(t)dt = aog(—1) + Y _ ang(ts) + ans1g(1)

1 k=1

holds for all polynomials of degree at most 2n + 1. For the exact values of the
nodes ty,...,t, and the weights «y, ..., a,. see e.g. [8, 13]. O

Remark 1. Polynomial functions need not in general to be continuous. However,
slight regularity assumptions force continuity. Thus, following Kuczma’s book
|6, pp. 380-386], the continuity assumption in Theorems 1, 2 and 3 can be
replaced by one of listed below.

Boundedness on the set with nonempty interior.

Boundedness on the set of positive Lebesgue measure.
Boundedness on the second category set with the Baire property.
Local boundedness at one point.

Measurability.

U W
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4. RESULTS WITHOUT CONTINUITY

For the equations of the form (16), (19), it turns out that if n is sufficiently
small, then continuity is forced by the equation itself. First we consider (19)
with n = 1.

Theorem 4. Let o« € R\ {0} and let X\ ¢ {0,1} be a rational number. If
F, f:R — R fulfil for any x,y € R the functional equation

(1)  Fly) - F@) = (y—2)|af@) + 1 -a)f o+ (1 - Ny)],

then
f(@)=az®+bz+c and F(z)=1az’+ Lba®+ cx +d
for some constants a, b, c,d € R.

Conversely, the functions f, F' given by the above formulae, satisfy (21) with

1 1
a—4and/\—3.

Proof. In Lemma 3 take n = 1. Observe that s; = A, t; = 1 — A, fulfil the
assumptions (i), (ii) and (iii). Let f1 = af, fo = (1 — «)f. The assertion (b)
implies that f is a polynomial function of order at most 2. It is well-known
(see e.g. |6, Theorem 2, p. 395]) that

f(z) = as(z) + a1(x) + ¢,

where ¢ € R is some constant and ay, is a diagonalization of some symmetric
k—additive function Ay : R* — R (k = 1,2). It is proved in |5, Lemma 3] that
ay, ay fulfil (21) with appropriately choosen function F. Denote

D= (1= a)A(1 = ),

yi=a+ (1 —a))?

§:=(1—a)(l—N\)>2

It is proved in |5, Lemma 5| that if the condition n = 7 = § = 0 does not hold
(it is the case, since v + 2nd = 1), then ay(x) = ax? for some a € R. Now let

vi=a+ (1 —a), d:=(1—-a)(l-=N).

It is proved in [5, Lemma 6] that if the condition v = § = 0 does not hold (it
is the case, since v+ § = 1), then ay(x) = bz for some b € R. We have proved
that f(z) = az® + bx + c¢. Now from the equation (21) we obtain

F(y) — F(x
PUIZHD — afa) + (- ) f+ (1= W), o £,
which, together with the form of f, means that
ar®  br?
for some d € R. OJ

Now we shall deal with the equation (16) with n = 2, @ = ay = 3 and

Ay = 1 — ;. Using the result of the recent paper [3|, one can easily prove the
following
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Theorem 5. Let a # 0, A ¢ {0,1}. If F, f : R — R fulfil for any x,y € R the
functional equation
(22) Fly) - F(@) = (y = o) [af (hz + (1= A)y) + (1 = @) f((1 = Nz + Ay) |,
then

f(x) = ax® + ba® + cx + d,

F(z) = Yaz* + 1ba® + lea® + do + e
for some constants a,b,c,d,e € R.
Conversely, functions f, F' given by the above formulas satisfy (22) with o =

and/\:%g.

1
2

Proof. First we assume that o = % Then we may use a result from [3, The-

orem 2, part (i)] and we obtain that if A = %, then f(z) = ax + d for some
a,d € R.

Now consider the case \ ¢ {%, %g’ %g} Then

M (1= N2 #4011 = N),

which, in view of [3, Theorem 2,part (v)|, means that f(x) = ax + d for some
a,d € R.

Finally we consider the case \ € {%g’ %g} Then

M4 (1=N2=4\1-N),

i.e. again from [3, Theorem 2 part (vi)|] we obtain that f(z) = cx®+bz*+azx +d
for some constants ¢, b, a,d € R.

Now we will prove the assertion concerning the case o # % To this end,
in (22) put %:c in place of z and %y instead of y. Thus we have

F(3) = F () = 36— o) [l (2 +15329) + (L= )/ (Fo +9)].

Multiplying this equation by A and taking G(z) := AF (%x), v = % we obtain
that f satisfies

(23) Gy) = G(z) = (y — 2)[af(z +yy) + (1 — ) f(yz +y)].
Interchanging here x with y we arrive at

(24) G(y) — G(z) = (y — 2)[af(yz +y) + (1 — o) f(x + yy)].

Comparing equations (23) and (24), we obtain
af(x+yy) + (1 =a)f(ve +y) = af(ye+y) + (1 —a)f(z+7y)

and after some simple computations we get

(2a—=1)f(z+yy) = 2a—=1)f(yr +y).

But since o # %, we have

fx+y) = fyx +y).
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Using this equality, we may rewrite (23) in the form

Gly) — G(z) = (y — =) [f(z + )]
Now, using [9, Theorem 2.5, p. 44]), we infer that f(x) = az + d for some
constants a,d € R.
By putting = 0 in (22) we obtain the desired formula for F. Thus the proof
is finished. OJ
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